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MAXIMALITY OF DUAL COACTIONS ON SECTIONAL 
C*-ALGEBRAS OF FELL BUNDLES AND APPLICATIONS 

ALCIDES BUSS AND SIEGFRIED ECHTERHOFF 


Abstract. In this paper we give a simple proof of the maximality of dual coac¬ 
tions on full cross-sectional C *-algebras of Fell bundles over locally compact 
groups. This result was only known for discrete groups or for saturated (sep¬ 
arable) Fell bundles over locally compact groups. Our proof, which is derived 
as an application of the theory of universal generalised fixed-point algebras 
for weakly proper actions, is different from these previously known cases and 
works for general Fell bundles over locally compact groups. As applications we 
extend certain exotic crossed-product functors in the sense of Baum, Guentner 
and Willett to the category of Fell bundles and the category of partial actions 
and we obtain results about the if-theory of (exotic) cross-sectional algebras of 
Fell-bundles over X-amenable groups. As a bonus, we give a characterisation 
of maximal coactions of discrete groups in terms of maximal tensor products. 


1. Introduction 

The theory of Fell bundles B over a locally compact group G (also called C*-al¬ 
gebraic bundles in m and their cross-sectional algebras give far reaching gen¬ 
eralisations of the theory of crossed products by strongly continuous actions a : 
G —>• Aut(A) of G on C*-algebras A. Important examples of Fell bundles come 
from (twisted) partial actions (see 3Tj) of G on C*-algebras A and in this case 
the crossed products for such actions are by definition given as the cross-sectional 
C*-algebras of the associated Fell bundles. 

Recall from mcna that a Fell bundle B over G consists of a topological space 
B together with a continuous open surjection p : B —» G such that the fibres 
B s := p -1 ({s}) are Banach spaces for all s G G and such that all operations 
like multiplication with scalars, fibre-wise addition, and norm are continuous on B. 
Moreover, B comes equipped with an associative continuous multiplication function 

• :BxB^B;{a,b)^a-b 

which is bilinear when restricted to B s x B t for all s, t £ G and such that B s ■ B t C 
B st . In addition, B is equipped with a continuous involution * : B -A B, b i-a b* 
which sends B t to B t -i for all t £ G and which is compatible with multiplica¬ 
tion and addition on B in a sense extending the usual properties for involutions 
on C*-algebras. In particular, the C*-condition ||fr*6|| = ||6|| 2 and the positivity 
condition b*b > 0 in B e are required to hold for all b £ B. Note that the unit fibre 
B e in a Fell bundle B is always a C*-algebra. A Fell bundle is called saturated if 
span (B^Bt) = B e for all t £ G. 
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Given a Fell bundle B , let C c {B) denote the space of continuous sections with 
compact support. It carries multiplication and involution given by the formulas 

(1-1) f*g(s) = f f{t)g(t~ x s)dt and f*(s) = A G (s -1 )/(s -1 )*. 

JG 

In general there might exist many possible C* -completions of C c (B). The largest 
(L-bounded) G*-norm on C c (B) is the universal (or maximal) cross-sectional alge¬ 
bra C*(B) whose representations are in one-to-one correspondence to the continuous 
"“-representations of the bundle B. On the other extreme there is the reduced cross- 
sectional algebra C*{B) which is defined as the image of C*{B) under the regular 
representation A : B —> C(L 2 (B)). 

If I? is a Fell-bundlle and if ug '■ G —!> UM{C*{G)) denotes the universal repre¬ 
sentation of G, then the integrated form of the representation 

5b = l b ®u g :B -> ® G*(G)); b t ^b t ® u G (t) 

defines a dual coaction of G (or rather of the Hopf-G*-algebra C*(G)) on C*(B) 
(see m)- It is the main purpose of this paper to show that this coaction always 
satisfies Katayama duality for the maximal bidual crossed product in the sense that 
a certain canonical surjective homomorphism 

4 > B :C*(fi)x Je GxgG^ C*(B) <g> /C(L 2 (G)) 

will actually be an isomorphism. Coactions with this property have been called 
maximal in ubi, where it has first been shown that every coaction (B,S) admits a 
maximalisation ( B m ,S m ). If G is discrete and {B,d) is any coaction of G on some 
G*-algebra B , then it follows from results of Ng and Quigg in [M1157| (see also [17] 1 
that B is isomorphic to a G*-completion C*(B) of C c (B ) for some Fell bundle B 
with respect to some norm || • || M lying between the universal norm || ■ ||„ and the 
reduced norm || • || r such that the coaction S is the natural dual coaction of this 
algebra. It has then been shown in El (see also [THl §4]) that S is maximal if and 
only if B = C*(B), the universal cross-sectional algebra. This gives the desired 
result in the discrete case. 

For second countable locally compact groups the result that ( C*(B),Sb ) is a 
maximal coaction has been obtained in the special case of separable saturated Fell 
bundles by Kaliszewski, Muhly, Quigg and Williams in m- Separability is not a 
strong assumption, but note that Fell bundles arising from (twisted) partial actions 
are saturated if and only if the action is actually a global (twisted) action, so that 
there are many important examples of Fell bundles which are not saturated. More¬ 
over, the proof given in m relies on some heavy machinery about Fell bundles on 
groupoids while our proof depends on the notion of generalised fixed-point algebras 
for weakly proper actions as introduced recently in [D]. Both proofs depend on non¬ 
trivial results, but we believe that our proof is much shorter and technically easier 
than the proof given for the special case of saturated bundles in EDI- We should 
point out, however, that for the special case of Fell bundles associated to partial 
actions, the maximality result can also be deduced from the paper [2] by Fernando 
Abadie and Laura Marti Perez. Indeed, as we will see in Section ECU the maximal¬ 
ity of the dual coaction on the C*-algebra C*(B) of a Fell bundle associated to a 
partial action (A, a) is essentially equivalent to the fact (proven in [2]) that the full 
crossed product of the Morita enveloping action of (A, a) is Morita equivalent to 
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the original full crossed product by the partial action. Hence our main result will 
provide an alternative proof of one of the main results in [2j. 

The paper is organised as follows. After a short preliminary section (§2) on cross- 
sectional algebras, coactions, and generalised fixed-point algebras for weakly proper 
actions we shall give the proof of our main result (Theorem 13.11) in §3. We will 
then have a number of interesting applications, starting from extensions of crossed- 
product functors from ordinary actions to Fell bundle categories, AT-amenability 
for cross-sectional G*-algebras and some applications to partial actions. Our re¬ 
sults imply, in particular, that one can extend exotic crossed-product functors from 
ordinary actions to partial actions. In other words, given a crossed-product func¬ 
tor {A,a) i —y A x Qi/J G defined only for (global) G-actions (A,a), we can extend 
this functor and define A x a ,p, G for every given partial G-action {A, a). More 
generally, we can extend the functor to the category of Fell bundles over G, and 
define exotic versions C*(B) of cross-sectional G*-algebras of Fell bundles B over G. 
These include partial actions or, more generally, twisted partial actions. We give 
an alternative proof and recover some of the main results on enveloping actions and 
amenability for partial actions from [2j. More generally, we prove that all exotic 
cross-sectional G*-algebras C*(B) have same A'-theory if the underlying group is 
A'-amenable. 

In the final section, we give a simple characterisation of maximal coactions of 
discrete groups (which is not available for general locally compact groups), proving 
that a coaction S: B —>• B g) G* (G) of a discrete group G is maximal exactly when 
it admits a lift 5 max : B —> B ® max G*(G), where <S> max denotes the maximal tensor 
product. (And, as usual, all the unlabeled tensor products ® between G*-algebras 
mean the minimal tensor product.) 

This work started during a visit of the second author to Florianopolis to partic¬ 
ipate in the FADYS (Functional Analysis and Dynamical Systems) Workshop. It 
was during the talk of the second author in this Workshop that Ruy Exel asked the 
question whether the theory of exotic crossed products could be extended to cover 
partial actions as well. One of the main points of this paper is to give a positive 
answer to this question. We would like to thank Ruy Exel for asking this interesting 
question and make this paper emerge. The second author takes this opportunity 
to thank the members of the Department of Mathematics of UFSC for organising 
the workshop and for their warm hospitality during his stay in Florianopolis. 

2. Preliminaries 

2.1. Fell bundles and their cross-sectional algebras. Suppose that p : B — > G 

is a Fell bundle over the locally compact group G as defined in the introduction. 
Main references on Fell bundles and their cross-sectional algebras are the books by 
Doran and Fell |14lH3] and we refer to these books for more details of the definition 
(see also the book by Exel m ). Let C c (B) be the set of all continuous sections of 
B with compact supports. Then, equipped with convolution and involution as in 
(ED, C c (B) becomes a *-algebra. Let L 1 (S) denote the completion of C c (B) with 
respect to ||/||i = f G ||/(f)|| dt. Then the universal cross-sectional algebra C*(B) is 
defined as the enveloping G*-algebra of the Banach-* algebra L 1 (H), i.e., it is the 
completion of L l (B) with respect to 

\\f\\ u := sup ||7r(/)|| 

7T 
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where tt runs through all *-representations of L 1 ( B ) on Hilbert space. It has been 
shown by Fell ESI §15-16] that C*(B) is universal for (continuous) ’-representations 
of B , and since we shall need it later, let us explain (a modern version) of this result 
in some detail: By a * -representation 7r : B — >• A 1(D) of B into the multiplier algebra 
of some C*-algebra D we understand a strictly continuous map b i-a ir(b) which is 
linear on each fibre B t and preserves multiplication and involution on B. Such 
representation is called nondegenerate if its restriction 7r e : B e —> A4(D) on the 
unit fibre B e of B is nondegenerate in the usual sense that span(7r e (H e )£)) is dense 
in D (then Cohen’s factorisation theorem implies that tt e (B e )D = D). There is a 
canonical nondegenerate representation ig : B — > A 4(C*(B)) which is determined 
by the formulas 

(b£?(&t)/)( s ) = b t f(t~ 1 s) and (/ig(6 t ))(s) = A G (^ 1 )/(st _1 )5 t 

for b t £ B t , / £ C c (B) and t,s £ G (e.g., see [25] p. 138]). We have the following 
well-known result: 

Proposition 2.1. There are one-to-one correspondences between 

(1) nondegenerate representations tt : B —>• A 4(D), 

(2) nondegenerate *-representations it : C c (B) —> M.(D) which are continuous 
with respect to the inductive limit topology on C c (B) and the norm-topology 
on A4(D), 

(3) nondegenerate * -representations it : A 1 (H) —> M(D), and 

(4) nondegenerate * -representations it : C*(B ) —> M.{D). 

The correspondences in the proposition are given as follows: If n : B —> A 4(D) 
is as in (1), then the corresponding representation it : C c (B) M{D) is given 
by integration: H(f)c := f G n(f(t))cdt for all / £ C c (B) and c £ D. We call it 
the integrated form of tt. It is straightforward to check that it is continuous in the 
inductive limit topology (given by uniform convergence with controlled compact 
supports) and with respect to || • ||i. This gives (1) —>• (2), (3). By construction 
of the enveloping C*-algebra, every ’-representation of L 1 (B ) uniquely extends to 
C*(B) which gives (3) —> (4). Conversely, if it : C*(B) —> M(D) is as in (4), then 
tt = tt o l b is the corresponding representation as in (1). The only missing link is 
the connection (2) —> (1). But this follows from [25] Theorem 16.1] by representing 
D faithfully on a Hilbert space. 

In what follows, we shall make no notational difference between a representation 
tt of B and the corresponding representations of C c (B ), T 1 (H), and C*{B). 

Let L 2 (B) denote the Hilbert module over B e given as the completion of C c (B) 
with respect to the Unvalued inner product 

{i,ri)B e ■={C*rj){e)= [ £{t)*v{t)dt. 

Jg 

Then the action of C c (B) on itself given by convolution extends to the regular 
representation Ag : C*(B) —» C(L 2 (B)) by adjointable operators on the B e -Hilbert 
module L 2 {B) and the image Cf(B) := Ag (C*(B)) C C{L 2 {B)) is called the reduced 
cross-sectional C*-algebra of B. 

2.2. Coactions and their crossed products. A coaction of a locally compact 
group on a C*-algebra B is a nondegenerate ’-homomorphism S : B —> Ai(B ® 
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G*(G)) which satisfies the identity 

( 2 . 2 ) (ids 8 Sq) ° S = (S 8 idc) o S, 

where Sq ■ C*(G) —> M{C* (G) 8 C* (G)) is the comultiplication on C*(G) which is 
given by the integrated form of the representation s >->■ u(s) ®u(s) € UM(C*(G ) 8 
G*(G)), where it : G —> UM(C*(G)) denotes the universal representation of G. 
Note that in ( 12 . 21 ) (and in many other places) we make no notational difference be¬ 
tween a nondegenerate *-homomorphism and its unique extension to the multiplier 
algebra. We shall assume that our coactions S always satisfy the following (strong) 
nondegeneracy condition 

S(B)( 1 8 C*(G)) =B® C*(G). 

If (5 : B —> M(B 8 G*(G)) is a coaction of G we let 5 r := (1 8 A) o S : B —» 
M(B 8 G*(G)) denote the reduction of <5, where A : G —> U(L 2 (G)) is the regular 
representation of G, and we let M : Cq{G) —> B (L 2 (G)) be the representation 
by multiplication operators. We then may represent the crossed product B xi 5 G 
faithfully in M(B 8 /C(L 2 (G))) via the regular representation := S r x (1 8 M). 
Hence, via this representation, we may define 

B Ms G := span {S r (B) (l 8 M(C 0 {G )))} C M(B 8 /C(L 2 (G))). 

Since locally compact groups are always “co-amenable” this “reduced crossed prod¬ 
uct” coincides with the “universal crossed product” which is universal for covariant 
representations of the co-system (B,S). Note that in the notation of crossed prod¬ 
ucts by coactions we use the symbol G to indicate that this construction is dual to 
the construction of crossed products by actions of G. We refer to Hi Appendix A] 
for an extensive survey on crossed products by actions and coactions of groups on 
G*-algebras. 

The dual action <5 : G —>■ Aut(I? xi jG) is determined by the equation 
? S (<T(6)(1 8 M(^))) = 5 r (b)(l 8 M(cr s (ip))), VieB,^C 0 (G), 

where a : G — > Aut(Go(G)) denotes the right translation action. One checks that 
(Ag,l 8 p) is a covariant representation of the dual system [B y\sG,G, 5) on M(B® 
K.{L 2 (G))) and it follows from [52) Corollary 2.6] that the integrated form of this 
representation gives a surjective *-homomorphism 

:= ((id 8 A) o 64 x (1 8 M)) x (1 8 p) : B XI 5 G x^~G -» B 8 /C(L 2 (G)). 

The map $5 might be called the Katayama-duality map. Now, following m a 
coaction ( B,S) is called maximal if the homomorphism <E>s is an isomorphism. 

On the other extreme, a coaction ( B,5) of G is called normal if the surjection 
$b factors through an isomorphism 

BxjGx ?r G^B 8 K.{L 2 [G)). 

It has been shown by Quigg in m that every coaction (£?, <5) has a normal¬ 
isation ( B n ,S n ), which can be constructed by passing from B to the quotient 
B n := B/kerS r . In particular, it follows that (B,S) is normal if and only if its 
reduction S r is injective. On the other hand it has been shown in m that every 
coaction also has a maximalisation (B m ,5 m ) such that there exist G-equivariant 
surjections B m -» B -» B n which induce isomorphisms between the respective 
coaction-crossed products. 
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For later use we need the construction of the maximalisation and normalisation 
of as given in i9], using the notion of generalised fixed-point algebras for 

weakly proper actions. In what follows let us write (j b, jc 0 (G)) for the covariant 
representation (S r , 1 ® M ) when viewed as a representation into A4(B xi 5 G). It is 
then clear that jc 0 (G) '■ Co(G) —>■ M{B G) is a nondegenerate a — <5-equivariant 
*-homomorphism which gives {B x,$ G, G, 8) the structure of a weakly proper G x G- 
algebra in the sense of [9]. For simpler notation let us write A := B xi 5 G and we 
put (p-m := and m-ip := rajs{<p) for all m G ,A/f(A),<^ G Go(G). Moreover, 

let A c := G C (G) • A ■ G C (G), which is a dense *-subalgebra of A , and let 

(2.3) A G := {m G A4(A) G : m ■ ip, ip ■ m G A c \/<p G C c (G)}, 

where Af(A) G denotes the set of fixed-points in AA(A) for the extended action 8. We 
call A G the generalised fixed-point algebra with compact supports. Following ideas 
of Rieffel f 139114(3] ), it has then been shown in [9) Proposition 2.2] that F C (A) := 
C c (G) ■ A can be made into a pre-Hilbert G C (G, A) module by defining a C c (G, A)- 
valued inner product on F C {A) and a right action of G C (G, A) on iF c (A) by 

i^v)c c (G,A) = [s H> A g {s)~^%(v)] and £ • (f = [ A (t)~^ a t (£ip{t~ 1 )) dt 

Jg 

for £, r] G J- C {.A) and ip G G C (G, A). Let A G be any C*-completion of G C (G, A) 
with respect to a C*-norm || • || M on C c (G, A) such that || • || u > || • || M > || • || r , 
where || ■ || u and || • || r denote the universal (i.e., maximal) and the reduced norm 
on C c (G, A), respectively. Then the above defined inner product takes values in 
A G and the completion BffiA) of T C (A) with respect to this inner product 
becomes a full A x-^ G-Hilbert module (the module is full since the translation 
action of G on itself is free and proper). Now, if we define a left action of A G on 
J'c(A) by taking products inside A 1(A) (where both spaces are located), this action 
extends to a faithful *-homomorphism : A G —> KL^F^A)) with dense image. 
Hence A G := K,(F f ,,(A)) can be viewed as the completion of A G with respect to the 
operator norm for the left action of A G on FjfiA). In particular, F fI ,(A) becomes a 
A G — A x^ G-equivalence bimodule. 

Moreover, if the dual coaction on A xi^-G factors through a dual coaction on 
A x-y ^ G (a property which depends on the norm || • H^,), it is shown in Theorem 
4.6] that there are canonical coactions S^g and Sf^a.) of G on A G and F^iA), 
respectively, such that (F f , (A), 5jr ) becomes a G-equivariant Morita equivalence 
between (A g ,S a g) and (A x^ G,5). It is shown in [91 Lemma 4.8] that there 
exists a unique crossed-product norm || ■ on G C (G, A) such that (. A g ,S a g ) is 
isomorphic to the original coaction (H, S). Moreover, if || • || M = || • || M is the universal 
norm on G C (G, A), then the corresponding system ( B m ,5 m ) := (A g ,S a g) is a 
maximalisation for (U, S) and if || • = || • || r is the reduced norm, then ( B ni 8 n ) := 

(A G ,S a g) is a normalisation of (B,fi). Identifying (B,/3) with ( A g ,S a g ) as above, 
the identity map on A G induces the G-equivariant surjections B m -» B -» B n 
which induce isomorphisms of crossed products 

B m x>8 m G = BxjG = 5„xj„ G. 
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3. The main result 

Assume that p : B —> G is a Fell bundle over the locally compact group G. Then 
there is a canonical coaction 

S B : C*(B) —>• M(C*{B) <g> G*(G)), 

called the dual coaction of G on C*(B ), given as the integrated form of the ’“-repre¬ 
sentation 5b : B —> M{C*(B) ® G*(G)) which sends B t 9 b t t-A tg( 6 t) ® u t , where 
l& : B M{C*(B )) is the universal representation of B and u : G —> UM(C*(G)) 
is the universal representation of G. 

Theorem 3.1. Let B be a Fell bundle over the locally compact group G. Then the 
dual coaction 8 b : C*(B) -A- A4(C*(B) <g> G*(G)) is maximal. 

Let (B,8) := (C*(B),8b) and let (B m ,8 m ) be the maximalisation of (B,8) as 
constructed from (B, 8) in the previous section. We will show that there exists a 
5 — £ m -equi variant surjection : B —» B m which induces an isomorphism of crossed 
products B Xi G = B m G. The result will then follow from the following easy 
lemma, which should be well known to the experts: 

Lemma 3.2. Let (B,S) and ( B m ,8 m ) be coactions of G with (B m ,8 m ) maximal. 
Suppose that H f : B -» B m is a 8 — 8 m -equivariant surjection which induces an 
isomorphism of crossed products. Then T is an isomorphism and (B,S) is maximal 
as well. 

Proof. Since <F : B -» B m is 8 — c) m -equivariant, we obtain a commutative diagram 
BxjG^G ——^—> B®1C(L 2 (G)) 

’PxGxgI |’I'®id AC ( i 2( G ) ) 

-— < J * td 

Bm G G -—A B m ® /C(L 2 (G)). 

By our assumptions, the left vertical and the lower horizontal arrows are isomor¬ 
phisms. It then follows that the upper horizontal arrow has to be injective. Since 
it is always surjective, it must be an isomorphism. Hence ( B,8 ) is maximal. More¬ 
over, it follows that the right vertical arrow is an isomorphism which then implies 
that T : B —> B m must be an isomorphism as well. □ 

Proof of Theorem A3.ll Let ( B,8 ) := (C*(B),8b) and let 

A := B G = span {8 r (B) (l ® M(C 0 (G)))} 

As explained in the previous section, we view A as a weakly proper G xi G-algebra. 
Then, as explained above, the maximalisation of (H, 8) is given by the coaction 
(. B m ,8 m ) = where denotes the universal generalised fixed-point alge¬ 

bra of A. We will show that the restriction of 8 r to C c (B) defines a *-homomorphism 
: C c (B ) —>• Ac C M(A) which extends to the desired 8 — <5 m -equivariant 
surjective *-homomorphism T : C*(B) -» Affj. First of all, it follows directly 
from the definition of the dual action 8 that 8 r (B) lies in the fixed-point alge¬ 
bra M(A) G . To see that it sends C c (B) into the generalised fixed-point alge¬ 
bra A G with compact supports it suffices to show that all elements of the form 
S r (b)( 1 ® M(f)), (1 ® M(f))8 r (b ) lie in A c = C c (G ) • A ■ G C (G) for all b e C c (B) 
and / € G C (G). For this we first note that S r = (1 ® A) o <5g is the integrated form 
of the representation S r : B —>• M.(C*(B) ® /C(L 2 (G))); b t i-a tg(6 t ) ® A (t). Suppose 
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now that b £ C c (B ) is a continuous section with compact support K = supp(&). 
Then, if / £ G C (G) is fixed, we may choose a function g £ C c (G ) such that 
g = 1 on K ■ supp(/) U supp(/). Then for a = (5 r (6)(l ® M(/)) we clearly 
have a ■ g = 5 r (b)(l <g> M(fg)) = S r (b)( 1 ® M(/)) = a. On the other side, using 
X t M(g)X t -i = M{r t {g)), where r : G —> Aut(Go(G)) denotes the left translation 
action of G on itself, we compute 


(3.3) 


g-a={l®M{g))5 r {b){l®M{f)) 

= [ (l® M(g))(L B (bt)®X t ){l®M(f))dt 
J K 

= [ Xt)(l® M(T t -i(g)f))dt 

JK 

= [ ® x t )(l<8> M(f))dt = a 

JK 


since for t £ K and s £ supp(/) we have T t -i(g)(s) = g{ts) = 1 since ts £ 
A'-supp(/). This proves that S r (C c (B))(l®M{f)) lies in A c and a similar argument 
also gives that (1 ® M(f))S r (b) £ A c . 

Now we need to show that S r : C c (B) A (f extends to an equivariant surjective 
*-homomorphism T : C*(B ) —>• A ® = K,(J- U {A)). For this we need to recall from 
[21 Definition 2.6] the notion of convergence in the inductive limit topology on the 
spaces A c = C c (G) ■ A ■ C c (G ), T C (A) = C c (G) ■ A and Af, respectively. First of all, 
a sequence (Cn)neN hr •Ac(A) (resp. A c ) converges to £ £ F C {A) (resp. £ £ A c ) in 
the inductive limit topology, if £n —i► ^ in the norm topology of A and there exists a 
function g £ C c (G) such that £ = g •£, £„ = g-£ n (resp. £ = g-£-g, = g-£,n-g) for 

all n £ N. For Af, a sequence (m„) ne N in Af converges to m £ Af in the inductive 
limit topology if for all / £ C c (G) we have / • m n —> f • m and m n ■ f —> m • f 
in the inductive limit topology of A c (the fact that G/G is a one-point set implies 
that this definition coincides with the one given in [9} Definition 2.6]). Now it is 
shown in P Lemma 2.7] that all pairings in the Af — C c (G , A) pre-imprimitivity 
bimodule JF C {A) are jointly continuous with respect to the inductive limit topologies, 
where on G C (G, A) we use the usual notion of inductive limit convergence. Since 
inductive limit convergence in C c (G,A) is stronger than norm convergence with 
respect to any given G*-norm || • || (/ on G C (G, A), it follows from this that the 
inductive limit topology on A is stronger than any norm topology induced on A (f 
via the left action on the A G-Hilbert module J-’ I ,(A). In particular, inductive 
limit convergence in A implies norm convergence in A^. 

Assume now that (6 n ) n gN is a sequence in C c (B) which converges to some b £ 
C c (B) in the inductive limit topology of C c (B) (which means that b n —> b uniformly 
on G and that all b n have supports in a fixed compact subset K of G). Then the 
computation in m can easily be modified to show that S r (b n ) —> 5 r (b) in the 
inductive limit topology of Af. Thus 5 r (b n ) —> S r (b) in the universal completion 
A®. Thus we obtain a *-representation : C c (B) —>• which is continuous for 

the inductive limit topology on C c (B). But then Proposition 12.11 implies that U/ 
extends to a *-homomorphism 11 / : C*(B) —>• A^ . 

To see that the image is dense, we first show that 


£c ■= span (<T(G C (S))( 1 ® M(G C (G)))) C A, 
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is inductive limit dense in A c . Since £ c is norm dense in A, it is clear that 

span ((1 0 M(C c (G)))6 r (C c (B))( 1 0 M(C c (G)))) 

is inductive limit dense in A c . Hence it suffices to show that every element of the 
form (1 0 M(g))8 r (b)(l 0 M{f)) with /, g £ C c {G) and b £ C c (B ) can be inductive 
limit approximated by elements in £ c . By (El we know that 

(1 0 M(g))8 r (b)(l 0 M(/)) = [ MM 0 At)(l 0 M(r t -i (<?)/)) di, 

JK 

where A = supp( 6 ). Now, for each s > 0 and t £ K we find a neighbourhood 
Vt of t in G such that \\r a -i(g)f — r t -i(g)/||oo < e for all s £ V t . Let 
be given such that K C UjLjVt,, let </?i, ... ,tp n be a partition of unity for K with 
supp p\ C Vt, for 1 < l < n, and let 6 ; := <pi ■ b (pointwise product). Then 
a := £r=i (5 r (6;)(l 0 M(r t -i (g)f)) £ £ c such that 

n 

(1 0 M(g))S r {b){ 1 0 Af(/)) - £ S r {b,)( 1 0 M(r t -i (<?)/)) 

Z = 1 

« n 

= / (tB(M ®A s )(l 0 M(r r i((|)/)) - y^(i B (ifii(s)b s ) 0 A s )(l 0 M(T t -i(g)f))dt 

Jk i=i 

,, n 

< / '^2‘fi(s)\\^(bs)\\\\T s -i(g)f ~ T t-^{g)f\\ 00 dt<£ii(K)\\b\\ 00l 

Jk i=i 

where g,(K ) denotes the Haar measure of A'. One checks as before that for any 
function ip £ C c (G) with ip = 1 on supp(/) U K ■ supp(/) we have ip ■ a = a ■ p = a, 
which now shows that £ c is inductive limit dense in A c . 

Recall now from 0 Lemma 2.3] that there is a surjective linear map E : A c —> A 
given by the equation E(a)c = J G S t (a)cdt for all a, c £ A c such that for all m £ Af 
and / £ C c (G) we have E(m ■ /) = E(m)E r (/), with E r (/) := J G f(t)dt. For 
m = 5 r (b) with b £ C c {B ) we get m ■ f = S r (b)( 1 0 M(/)) and it follows that 
E(£ c ) = S r (C c (B)). A slight adaptation of the last part of the proof of Lemma 
2.7] shows that E : A c —>• Af is continuous for the inductive limit topologies. 
Hence, since £ c is inductive limit dense in A c it now follows that 5 r (C c (B)) = E(£ c ) 
is inductive limit dense in A^, hence norm dense in A^. 

Hence 5 r : C c (B) —> Af extends to a surjective *-homomorphism U/: C*{B) —> 
A%. We now check that 'V is equivariant with respect to the dual coaction on 
C*(B ) and the coaction S^g on A u as defined in [5] on the dense subspace Af by 
the formula: 

S A G(m) = ((/> 0 id)(fflc)(m 0 1)(0 0 id)( tug)* 
where wg £ M(Cq(G) 0 C*(G)) is the unitary given by the function t >-> u t and 
(f> = 1 0 M : C'o(G) —> A4(A). Recall that the equivariance of 'F means the following 
equality: 

(3.4) J A G(^( 6 )) = ($ 0 id)(<y B ( 6 )) V& £ C c {B). 

Using 4/ = 8 r on C c (B), the right-hand side is given by 

(T 0 id)(<5s(&)) = (4/ 0 id) tB(b t ) 0 u t dt'j = j L B (b t ) 0 A t 0 u t dt. 

To compare this with the left hand side, observe that since (j) = 1 0 M, we have 
{(j) 0 id)(uic) = 10 wg, where wq ■= (.M 0 id)(wc) £ M(IC(L 2 (G)) 0 C*(G)) = 
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£(L 2 (G, G*(G))) is the unitary given by the formula wg(( t) = for all £ £ 

G C (G, C*(G)) C L 2 (G,G*(G)) (here we view L 2 (G,G*(G)) = L 2 {G) ® G*(G) as 
a Hilbert module over C*(G) and write £(L 2 (G, G*(G))) for the G*-algebra of 
adjointable operators on it). It follows that 


S A a(^(b)) = (4> ® id )(wG){^{b) <S> 1 ){<j> < 8 > id)(u> G )* 

= (1 ® wg) (/ te(6t) ® At (8) 1 dt'j (1 <g> wg)* = J ig(M ® u>g( A t ® l)w) G dt. 

Now a simple computation shows that w) G (At ® l)w G = At ® u t , which then implies 
Equation (HOD- 

To finish the proof we only need to check that T induces an isomorphism 4/ xi 
G: C*(B ) x,s e G A® x^p G - But for every coaction <5: B —y M(B ® C*(G)) it 

is known that the image of 8 r : B —> M (B x g G) is the reduced generalised fixed 
point algebra Afor the weak G x G-algebra A = 5xjG (endowed with the dual 
action and the canonical embedding Go(G) —> M(A)). A first reference for this 
fact is Quigg’s original version of Landstad duality for coactions (see m)- We have 
shown in [S] that A(? carries a coaction S a g given on A^ by the same formula as 
S a g and that (A(f, B^c) is the normalisation of (B, 6) where S r : B —>• Aserves as 
the normalisation map. This in particular means that S r induces an isomorphism 
f x G: B XjG 4 A® x^ G G. Now it is clear that the map : C*(B) —> A„ 
constructed above composed with the normalisation map v : A^ —> Ajf (given by 
the identity map on Af) is the canonical map S r : C*(B) —> A(?’. Hence it follows 
that the composition of the following sequence of maps 


C*(B) x 5 b G^A^ 


XU, 


G ^ A? 


*S a g G 


is an isomorphism. Since (A(f, 5 a g) is also a normalisation for (A^, 5 a g) and hence 
i/*G: A?*, G —> A(? G i s a lso an isomorphism, this implies the desired 
isomorphism $xG: C*{B) x^ B G ^4 A„ x< 5 aG G - D 


Remark 3.5. The normalisation of 5s) can be realised concretely as the dual 

coaction 5s,r'- C*(B) — > M(C*{B) ® C*(G)) of G on C*(B), which is constructed 
as follows. Consider the regular representation As'. C*(B) —> C*(B) and view it as 
a representation A#: B — > M(C*(B)) of B. Now consider the tensor product repre¬ 
sentation As® A: B —> A4(C*(B)®C*(G)). By Fell’s absorbtion theorem [221 Corol¬ 
lary 2.15], the integrated form of this representation factors faithfully through G* (B) 
and hence yields a faithful *-homomorphism As®X: C*{B) —> M(C*(B)®C*(G)). 
It is not difficult to check directly (see [23] Proposition 2.10] for details) that this 
is a reduced coaction (that is, an injective coaction of the Hopf-G*-algebra G*(G)), 
and therefore it lifts to a normal coaction 5s, r '■ G* (B) —> M(C*(B) ® G*(G)). This 
is the desired normalisation of the dual coaction 5s : C*(B) — > M{C*{B) ® G*(G)), 
with the regular representation A s'- C*{B) — » C*{B) serving as the normalisation 
map (see [ 8 J Proposition 6.9.8]). 


4. Some applications 

In this section we want to give some simple applications of our main Theorem l3.ll 
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4.1. Extension of exotic crossed-product functors. Recall from mm that an 
exotic crossed-product functor is a functor ( A , a) A xi Qj/i G from the category of 
G-G*-algebras with G-equivariant *-homomorphisms to the category of G*-algebras 
lying between the full and reduced crossed-product functors A x a G, A x ajr G. More 
concretely, this means that A» a ^G is a G*-completion of the convolution *-algebra 
G C (G, A) in such a way that the identity map C c (G,A) — >• C c {G,A) extends to 
surjective *-homomorphisms 

A xi q. G —^ A G —^ A G. 

Theorem ld. H allows us to extend every Morita compatible G-crossed-product functor 
xi p to the category of Fell bundles over G, that is, we can extend the definition of 
xi „ to the realm of Fell bundles over G in a natural and functorial way. Recall from 
m that a crossed product functor is called Morita compatibly if Morita equivalent 
actions are sent to (canonically) Morita equivalent crossed products. We refer 
to m for a detailed discussion of this property and for the stronger notion of a 
correspondence functor. As shown there, many crossed-product functors do have 
this property, and it follows from work of Okayasu ([35]) together with the papers 
mm that there are uncountably many different correspondence functors for any 
discrete group which contains the free group in two generators. 

We shall show that starting with a crossed-product functor ( A, G, a) i —> A xi G, 
then for every Fell bundle B over G we can complete C c (B) to a G*-algebra C*(B) 
lying between C* ( B ) and C* (B) in the sense that the identity map on C c (B) extends 
to surjections 

C*(B) -» C*(B) -» C*{B) 

and such that the assignment B —> C*(B) is a functor from the category of Fell 
bundles over G (with appropriate morphisms) to the category of G*-algebras with 
*-homomorphisms as morphisms. We make this precise in what follows. 

Definition 4.1. Given a crossed-product functor xi^ for a locally compact group 
G and a Fell bundle B over G, we define C*(B) as the unique quotient of C*(B) 
such that Katayama’s duality map 

: C*(B) X4 e G^GA C*(B) <g> IC{L 2 (G)) 

factors through an isomorphism 

C*(B) x 5e G g s* c;(B) ® /C(L 2 (G)). 

Although the above construction makes sense for every crossed-product functor, 
as we will see, it will only give a completion C*(B) with good properties if we assume 
that the given functor xi M has extra properties (for instance, Morita compatibility). 
We are specially interested in correspondence functors, where essentially all good 
properties are present (see m)- 

To make the construction B —> C*(B) into a functor, we need to introduce 
morphisms and turn Fell bundles over G into a category. As for G*-algebras, there 
are several types of morphisms we can consider between Fell bundles, but the most 
basic one is defined as follows. 


•^Also called “strongly Morita compatible” in El to differentiate it from the formally weaker 
(but essentially equivalent) notion of Morita compatibility introduced in [5]. 




12 


ALCIDES BUSS AND SIEGFRIED ECHTERHOFF 


Definition 4.2. Let A and B be Fell bundles over G. By a morphism d->Bwe 
mean a continuous map n: A B that maps each fibre A t linearly into the fibre 
B t and which is compatible with multiplication and involution in the sense that 

7T(a • b) = 7r(a) • 7 r(6) and 7r(a)* = 7r(a)* 

for all a,b £ A. 


A morphism 7 r: A —> B induces a map 7 r: C c (A) —>■ C c (B ), £ #(£)(£) := 
7r(£(t)), which is clearly continuous with respect to the inductive limit topologies 
and hence extends to a *-homomorphism n u : C*(A) —> C*(B). This shows that the 
construction B K > C*(B) is a functor. The following result shows that this remains 
true for the assignment B t-A C*(B) as in Definition 14.11 

Proposition 4.3. Let x^ be any crossed product functor. Then B K > C*(B) is a 
functor from the category of Fell bundles with morphisms as defined in Definition 
If.SI in the sense that the canonical map n : C c (A) —> C c (B) induced from any 
morphism n : A —> B extends to a *-homomorphism 7 r : C*(A) —> C*(B). 


Proof. Consider the diagram 


C*{A)x s ^Gx s ~G 

7r u xiGxigJ^ 

C*(B) G x- G 


> C*(A) ®K,{L 2 {G)) 

> C*(B) ® K(L 2 {G)). 


It follows easily from the definition of the dual coactions on C*(A) and 
respectively, that the morphism jr u : C*(A) —> C*(B) is 5a — (5g-equivariant, which 
implies that the left vertical arrow exists. Moreover, using the fact that 4>_4 is given 
by the covariant homomorphism ((id <g> A) o 5a x (1 ® M )) x (1 ® p) (and similarly 
for 4 >b), the 5a — dg-equivariance of 7 r u also implies that the diagram commutes. 
Now, since is a crossed-product functor, the vertical arrow on the left factors 
through a ^-homomorphism 

TT U x G G : C\A) x G x - G -> C*(B) x 5e G x - G 

and hence the vertical arrow 7r u ®idK; on the right-hand side of the diagram must also 
factor through a well-defined homomorphism (jr u ® idjc) M : C*(A) <8> JC(L 2 (G)) —> 
C i f(B)®K,(L 2 (G)). But this is only possible if n u : C*(A) —> C*(B ) factors through 
a homomorphism i : C*(A) C*(B), whence the result. □ 


The above proposition shows that given any crossed-product functor, the proce¬ 
dure given in Definition 14.11 determines a functor on the category of Fell bundles. 
But does it always extend the given functor if we apply the new functor to the semi- 
direct product Fell bundle 4x“G associated to a given action a : G —> Aut(A)? 
Recall that the underlying topological space of A x “ G is the trivial bundle A x G 
with multiplication and involution defined by 

(a,t)(b, s) = (aa t (b),ts) and (a, t)* = (cq-i (a)*, f -1 ) 

for (a, t), ( 6 , s) S A x G. The notation A x“ G for this Fell bundle should not be 
mistaken with the notation for the universal crossed product A x a G. The following 
example shows that the answer to the above question is negative in general: 




MAXIMALITY OF DUAL COACTIONS AND APPLICATIONS 


13 


Example 4.4. Let G be any non-amenable group. We define a crossed product func¬ 
tor (A, G, a) H»• A x G by letting A xi G be the completion of the convolution 
algebra C c (G,A) with respect to the G*-norm 

ll/IU = sup{||tt x U(f)\\ : U -< A}, 

where (tt, U ) runs through all covariant representations such that U is weakly con¬ 
tained in A, which just means that the kernel of U in C*(G) contains the kernel 
of A in G*(G). The functor we get in this way is just the Brown-Guentner functor 
associated to the reduced group algebra C* (G) as discussed in [SJEHTD] ■ 

We now consider the case of the trivial action of G on C. Then the //-crossed 
product C x M G will just be the reduced group algebra G*(G) of G. On the other 
hand, the corresponding Fell bundle will just be the trivial bundle C x G and 
the full cross-sectional algebra will be the full group algebra C*{G). The crossed 
product C*(G) Xa G G by the dual coaction is isomorphic to the algebra of compact 
operators /C(L 2 (G)) with faithful representation A x M : C*(G) x^ G G — > B(L 2 (G)) 
(e.g., see m Example A.62]). A straightforward computation shows that in this 
picture the dual action So ■ G —»• Aut(/C(L 2 (G))) is given by Sg(s) = Adp(s), 
where p : G — > U(L 2 (G)) is the right regular representation. Hence, this action is 
implemented by a unitary representation and there is a ^-isomorphism 

$ : /C(L 2 (G)) x Adp G ^ /C(L 2 (G)) x id G “ /C(L 2 (G)) <g> G*(G) 

which sends an element / in the dense subalgebra G C (G, K.(L 2 (G))) to the function 
[s >-> /(s)p(s)] e C c (G, /C(L 2 (G))). The representations of K.(L 2 (G)) (g) C*(G) are 
all of the form id^; ® V, where V : G — >■ U(H) is a unitary representation of G 
viewed as a representation of C*(G) via integration. The corresponding covariant 
representation of (A(i 2 (G)), G, id) is given by the pair (idjc®l-H, ^l 2 (G) and it 
is easy to check that the representation of K,(L 2 (G)) XAdpG corresponding to (id*;® 
lfi, < 8 > V") via the isomorphism $ is given by the covariant pair (id/c < 8 > 1, p®V). 

By Fell’s trick we know that p®V is a multiple of p. Since p is unitarily equivalent 
to A, we see that the unitary part of any representation of K.(L 2 (G)) XAdp G is 
weakly equivalent to A. But this implies that 

C*(G)x 4o Gx£ i#i G = /C(L 2 (G))x Ad p,pG = IC(L 2 (G))x Adp G ^ K[L 2 (G))®G*(G). 

As a consequence we see that 

C*(C x G) = C*(G) ¥ C*(G) = C x M G. 

Thus, in general, our procedure does not reproduce the given functor for actions 
when applied to semi-direct product bundles A x“ G. 

The problem in the above example comes from the fact that the Brown-Guentner 
crossed-product functor associated to the reduced group algebra G*(G) is not 
Morita compatible in the sense discussed in m- Recall from m that a crossed- 
product functor is called Morita compatible if it preserves Morita equivalences in 
the following sense: If ( X , 7 ) is a G-equivariant equivalence bimodule between two 
systems (A , G, a) and (R, G, /3), and if we make G C (G, X) into a G C (G, A) — G C (G, B) 
pre-equivalence bimodule in the usual way, then there is a completion X x 7i/i G of 
G C (G, X) which becomes a A x a>/i G — B x G equivalence bimodule. Note that 
the results of m show that Morita compatibility - or the even stronger assumption 
that x^ is a correspondence functor - are quite reasonable to assume for a “good 
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behaved” crossed-product functor. Recall also from the discussions in m that for 
many non-amenable groups there exist uncountably many different correspondence 
(and hence Morita compatible) functors for G. 

Theorem 4.5. Assume that (A,G, a) H > A G is a Morita compatible crossed- 
product functor for G. Then there is a canonical isomorphism G*(A x“ G) = 
A x ajAt G for any system ( A , G, a) given on the dense subalgebra C c (A x“ G) by the 
canonical identification G C (A x a G) = G C (G, A) C A x ajAl G. Thus, for Morita com¬ 
patible crossed-product functors, the procedure of Definition \4 ■ 1] defines an extension 
of the functor x M to the category of Fell bundles. 

Proof. The result is a consequence of the Imai-Takai duality theorem for actions: 
Assume that a : G -A Aut(A) is an action. Then the full crossed product 4x a G 
coincides with the full cross-sectional algebra G *(A x“ G) since both are universal 
for covariant representations. Moreover, the dual coactions of G on A x a G and 
G*(A x“ G) coincide. Hence the Imai-Takai duality theorem shows that 

G*(A x a G) x- G = A x a G x- G “ A <g> JC(L 2 (G)). 

which is equivariant for the bi-dual action a on the left and the action a ® Adp on 
the right (e.g., see ESI or ESI Theorem A.67]). As already observed in the previous 
example, the action a ® Adp is Morita equivalent to a <8> id with respect to the 
equivariant bimodule (A <g> K,(L 2 (G)),a <g> p). By Corollary 5.4 in [TU] . it follows 
that the integrated form U/p of the covariant homomorphism (i,A ® id;® p) 
factors through an isomorphism 

’Fp '■ (A ® /C(L 2 (G))) Xo^gAdp./j G —> (A x a ^ G) ® 1C(L 2 (G)), 

where denotes the canonical representation of (A,G,a) into M(A G ). 

Combined, we obtain an isomorphism 

C*{A x a G)x-Gx x G = (A x a> p G) ® /C(L 2 (G)) 

a a ,fi 

which fits into a commutative diagram 

C*(A x“ G) x-GxxG ——^—» {A x a G) <8/C(L 2 (G)) 

a a 

J 1 

G*(A x“ G) x-Gxx G -> Mx a „G)®m 2 (G)) 

a a 

where both vertical arrows are induced by the natural inclusion C c (A x“ G) = 
G C (G, A) C A x ajAI G. This finishes the proof. □ 

In particular the above result applies to correspondence crossed-product functors 
as introduced in EDI. This is a class of crossed-product functors which extend (in 
a suitable way) to the category of G-algebras with equivariant correspondences as 
their morphisms. The equivariant Morita equivalences are the isomorphisms in 
this category, so it is no surprise that these functors are Morita compatible. In 
ESI Theorem 4.9] a list of equivalent conditions is given in order to check whether 
a crossed-product functor is a correspondence functor. It is shown in EH] that 
correspondence functors have very nice properties. For instance, they behave very 
well with respect to AT-theory, and we will explore this point in the next section. 
Here we want to use the fact, proven in ESI Theorem 5.6], that the correspondence 
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functors always admit dual coactions for ordinary crossed products and deduce the 
following consequence: 

Corollary 4.6. Let x^ be a correspondence crossed-product functor for G and let 
B be a Fell bundle over G. Then the dual coaction 6b on C*(B) factors through 
a coaction 6b, fj.- G*(B) —»• A4 (C*(B) ® C*(G)), which we call the dual q,-coaction. 
The quotient maps C*(B) -» C*(B) -» G*(£>) induce isomorphisms 

(4.7) C*(B) x 5b G ^ C;(B) x^ G ^ Cf(B) X 4 J G. 

Hence the dual p-coaction satisfies /i-duality in the sense that Katayama’s map is 
an isomorphism 

(4.8) C;{B) x 4b ,„ G x ?e ^ G ^ C*(B) ® IC(L 2 (G)). 

This isomorphism sends the bidual coaction 6 b to the coaction Advp o (6b, ^ <8>* id), 
where W = 1 ® Wq, wq G A4(Co(G) ® C*(G )) is f/ie fundamental unitary (which 
can be seen as the universal representation t i-» ut of G), and 6 b l/t <8>* id denotes 
the obvious coaction C*(B) ® K.(L 2 (G)) -> M(C*(B) ® /C(A 2 (G)) ® C*(G)). 

Proof. By Theorem 13.11 Katayama’s homomorphism is an isomorphism 

(4.9) C*(B) x 5b Gx ?b G^> C*(B) ® /C(A 2 (G)). 

It is well known (see e.g. ESI) that the bidual coaction 6 b on the left-hand side 
corresponds to the coaction Adw o (6b id) as in the statement. By definition, 
C*(B) is the quotient of C*(B) that turns (14.91) into an isomorphism 

(4.10) C*(B) x 5b G x ?e ^ G C;(B) ® /C(L 2 (G)). 

Since x^ is a correspondence functor, the left-hand side carries a (bi)dual coaction 
6b,/ j, (by US Theorem 5.6]). More precisely, the bidual coaction on the full crossed 
product C*(B) x 4b G x^- G factors through the coaction 6b, n- It follows that the 
coaction Adw o (6b <8>* id) also factors through a coaction on C*(B) ® 1C(L 2 (G)) 
of the form Ad*y o (6b, n <8>* id), where 6b , m is a coaction of C*(B) which factors 
the dual coaction 6b on C*(B). This holds in particular for the reduced cross- 
sectional algebra Cf(B ) and, as already observed in Remark 13.51 in this case the 
coaction 6b, r is a normalisation of 6b- In particular the quotient homomorphism 
C*(B) -» C*(B) (which is the regular representation of B) induces an isomorphism 
C*(B) x>s B G —> C*(B) x 4jBir G. It follows that the same is also true for every other 
exotic quotient C*(B) because the quotient map C*(B) -» C*(B) (and hence also 
the induced map on crossed products) factors as a composition C*(B) -» C*(B) -» 
C*(B ). This implies the isomorphism (14.71) and the isomorphism (14.81) is then just 
a re-interpretation of the defining isomorphism (14.101) . □ 

4.2. A'-amenability. The concept of AT-amenable groups has first been introduced 
for discrete groups by Cuntz in m and has then been extended to locally com¬ 
pact groups by Julg and Valette in 123 ■ It follows from the results of Cuntz 
that a discrete group G is AT-amenable if and only if the regular representation 
A : G*(G) —>• G*(G) is a ATA'-equivalence, which then implies that for all ac¬ 
tions a : G —>• Aut(A) the regular representation A^ : A x Q G —> A >i a , r G is a 
A'/i-equivalence as well. The definition of AT-amenability for general locally com¬ 
pact groups is slightly more technical, but as a consequence we also get that regular 
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representations of crossed-products induce K A"-equivalences between the full and 
reduced crossed products. More generally, it is shown in ms Theorem 5.6] that, if 
G is A'-amenable, then for any correspondence functor xi^, the canonical quotient 
maps 

A >4 a G —^ A G —^ A XI ct,r G 

are A" A'-equi valences. Cuntz has shown in m that all free groups are AT-amenable 
and that A'-amenability enjoys some nice permanence properties. Moreover, a more 
recent result of Tu m shows that all a-T-menable groups are A'-amenable as well. 

The results of the previous section now allow us to extend da Theorem 5.6] to 
cross-sectional algebras of Fell bundles. For general Fell bundles, the result seems 
to be new even for the quotient map A# : C*(B ) -» C*(B), but this special case is 
known for Fell bundles associated to partial actions of discrete groups (see m and 
Section ro below for further discussion). 


Corollary 4.11. Let G be a K-amenable locally compact group and let xi M be a 
correspondence crossed-product functor for G. Then both *-homomorphisms in the 
sequence 

c*(B)^c;(B)^c* r (B) 

given by the identity maps on C c (B) are I\ K-equivalences. In particular, they 
induce isomorphisms K*{C *(£>)) = K*(C*(B)) = A'*(G*(£>)). 

Proof. Consider the following commutative diagram 


C*(B) Gxi r G C*(B)®K.{L 2 {G)) 


<5 G 


C*(B)x SB Gx rgiii G —G*(B)®/C(L 2 (G)) 


C*(B)x Sa Gx r G CV*08)®/C(L 2 (G)). 


Since G is A"-amenable, the vertical arrows on the left hand side are A'A'-equivalences 
Hence the right vertical arrows are A'A'-equivalences as well. Since being A'A"-equi- 
valence is stable under stabilisation by compact operators, the result follows. □ 


Remark 4.12. The above result can be generalised as follows. Let xi M be any crossed- 
product functor. Following [§] we say that a given coaction S : B —>• M(B®C*(G)) 
is a /x-coaction if Katayama’s duality surjection B xi ,5 G xi~G -» B ® /C(A 2 (G)) 
factors through an isomorphism B xi ,5 G xi^^ G = B ® /C(A 2 (G)). In particular, 
if xi M is a correspondence functor and B is a Fell bundle over G, then the dual 
coaction 5b,^ on C*(B) is a /x-coaction. 

Suppose now that G is A'-amenable, xi M is a correspondence functor for G and 
(. B,5 ) is a /x-coaction. Then, if ( B m ,5 m ) and ( B n ,5 n ) are the maximalisation and 
normalisation of (B,5), respectively, the corresponding quotient maps 
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are AA-equivalences. This follows directly from the commutative diagram 

~-A B m ®/C(L 2 (G)) 


Bm ^ S m G G 

TTL 0,fl 

q m X G X G 

B x<5 G x~ G 

difl 


q n xi G xi G 


B n Xa n G x- G 


J^q m (glid/c 

-A £<g>/C(L 2 (G)) 

9n®idjC 

-A B n ®IC(L 2 (G )) 


and the fact that both morphisms in the sequence 

Bm *5 m G Bx s G q ^f B n x 5n G 


are G-equivariant isomorphisms. In particular, if G is A-amenable, all G*-algebras 
B m , B and B n have same A'-theory and A-homology groups. 

4.3. Partial actions. The notion of partial actions of the group of integers has 
been introduced by Exel in m and subsequently generalized to arbitrary discrete 
groups by McClanahan in [22] • In EE! Exel generalizes both notions and defines 
twisted partial actions of locally compact groups. Every twisted partial action 
gives rise to a Fell bundle via a construction similar to the semidirect Fell bundle 
associated to an ordinary (global, untwisted) action. Moreover, the main result in 
m shows that, after stabilisation, every Fell bundle is isomorphic to one of this 
form, that is, a Fell bundle associated to a twisted partial action (and for discrete 
groups or saturated Fell bundles, the twist can be removed; see [SlEIllMim])- 
In this section, we will focus only on partial actions, but essentially all results go 
through with essentially no change (except that the notation becomes slightly more 
complicated) for general twisted partial actions. 

Let a be a partial action of a locally compact group G on a G*-algebra A. This 
consists of partial automorphisms at : D t -1 —>• D t between certain (closed, two- 
sided) ideals D t C A with D e = A, a e = kU and such that a s t extends a s o at 
for all s,f G G. An appropriate continuity condition for the family of maps at is 
also required to hold. We refer the reader to m for details. Given such a partial 
action, the associated Fell bundle is the bundle A x“ G := {(a, t) € Ax G : a £ D t } 
with algebraic operations defined by 

(a, t) ■ (6, s) = (at(a t -i {a)b), ts) and (a, t)* = (a t -i (a)*, t _1 ). 

The full (resp. reduced) crossed product of (A, a) can defined as the full (resp. 
reduced) cross-sectional G*-algebras of A x a G. More generally, we can introduce: 


Definition 4.13. Given a partial action (A, a) of G and a Morita compatible 
G-crossed-product functor x M , we define the /z-crossed product A x a ^ G as the 
/ucross-sectional G*-algebra C*(A x“ G) (as in Definition l4.il) . 

Notice that by Theorem 14.51 (and our assumption of Morita compatibility), the 
above definition recovers the original fi -crossed product for global actions. Also, 
Proposition 14.31 allows us to extend the original crossed-product functor to a func¬ 
tor (A, a) i-a A x QiM G from the category of partial G-actions to the category of 
G*-algebras, where a morphism between two partial G-actions (A, a) and {B,j3) is 
defined as G-equivariant *-homomorphism 7r: A —> B, meaning that 7r(D“) C 
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and /3t(Tr(a)) = n(a t (a)) for all t £ G and a £ D“_ i. These are exactly the mor- 
phisms between the associated semidirect Fell bundles A x Q G and 6 

Given a partial action ( A , a), we view the dual coaction on C*(A x“ G) as the 
dual coaction of A x a G and denote it by a. Our main result (Theorem 13.11) says 
that we have a natural isomorphism 

(4.14) (A x a G) x~ G x~ G ^ (A x a G) ® /C(L 2 (G)). 

a a 

In particular this implies that, after stabilisation, every partial crossed product is 
isomorphic to a global crossed product. More precisely, the (stabilisation of the) 
original partial crossed product (A x a G) ® /C(L 2 (G)) is naturally isomorphic to 
A Xg, G, where A := (A x a G) x~ G and a := a. The G-algebra (A, a) has 
a natural interpretation in terms of the original partial action: it follows from 
P2 Proposition 8.1] that (A, a) is a Morita enveloping action for the partial action 
(A, a); we call (A, a) the canonical Morita enveloping action of (A, a). It is shown 
in jT[ Proposition 6.3] that all Morita enveloping actions are Morita equivalent, so 
it is unique up to Morita equivalence. We refer to PQ for the relevant notion of 
Morita equivalence for partial actions. 

Let us recall that the assertion that (A, a) is a Morita enveloping action of 
(A, a) means that A contains a (closed, two-sided) ideal I C A such that the orbit 
{d t (J) : t £ G} of / generates a dense subspace of A and such that the partial 
action on / given by restriction of a (as described in HI) is Morita equivalent to 
the original partial action (A, a). For the canonical Morita enveloping action, the 
ideal / and also A (together with their actions) can be described directly in terms 
of the Fell bundle A x“ G associated to (A, a) as certain algebras of “kernels”, but 
this description does not concern us here. We refer to [1] for further details. 

Thus the natural isomorphism (14.141) (that is, our main Theorem 13.II applied for 
partial actions) can be seen as the statement that every partial crossed product A x a 
G is naturally Morita equivalent to its canonical Morita enveloping crossed product. 
As already mentioned above, it is proven in [Tj that all Morita enveloping actions of 
a given partial action (A, a) are Morita equivalent. It follows that the full crossed 
product A x a G is Morita equivalent to the full crossed product of any of the Morita 
enveloping actions of (A,a). Note that the paper [T] by Abadie only contained a 
version of this result for the reduced crossed products (see [T] Proposition 4.6]). The 
version for full crossed products was obtained in a second paper [21 Corollary 1.3] 
by Fernando Abadie in colaboration with Laura Perez. We now use our approach to 
generalise these results to all exotic crossed products related to Morita compatible 
crossed-product functors: 

Corollary 4.15. For every partial action (A, a) of G, and for every Morita com¬ 
patible crossed-product functor x M , the partial crossed product A x QiAl G is stably 
isomorphic to its canonical Morita enveloping crossed product A x ajAt G. More 
precisely, the canonical isomorphism (14.141) factors through an isomorphism 

(4.16) Ax^G^(Ax a ^G)<g>/C(L 2 (G)). 

More generally, every other Morita enveloping action ( B,/3 ) of (A, a) has crossed 
product B G A x ajAt G. 

Proof. The first statement is an immediate consequence of our definitions. Indeed, 
by definition, the exotic partial crossed product A x ajAt G is exactly the quotient of 
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Ax a G that turns (14.141) into the isomorphism (14.161) . And the final assertion follows 
from the already mentioned fact that all Morita enveloping actions are Morita 
equivalent and the assumption that our functor x M preserves Morita equivalence. 
Indeed, if ( B,/3 ) is a Morita enveloping action for {A, a), then (B,/3) is Morita 
equivalent to (A, a) by L 1J Proposition 6.3]. Since our crossed-product functor 
x M preserves Morita equivalences, we conclude that B X^^ G ~m A x„ i(1 G 
A Xa lM G. □ 

We also obtain one of the main results on amenability of partial actions shown 
in [2] • Following the terminology from [2j, we say that a partial action (A, a) is 
amenable if its associated Fell bundle is amenable (in the sense of Exel [22]). Hence, 
by definition, a partial action (A, a) is amenable if and only if its full and reduced 
crossed products coincide. 

Corollary 4.17. A partial action (A, a) is amenable if and only if its canonical 
Morita enveloping action (A, a) is amenable, if and only if all Morita envelop¬ 
ing actions of (A, a) are amenable. In this case all exotic (partial) crossed prod¬ 
ucts involving these algebras coincide. More generally, given Morita compatible 
G-crossed product functors x M and x„, we have A x ajAt G = A x ai „ G if and only 
if A Xj # G = A x^ G if and only if B x^ iM G = B >ip tV G for every Morita 
enveloping action ( B,f3 ) of (A, a). 

Proof. The first assertion will follow from the last assertion by taking the full and 
reduced crossed products for x M and x„. To prove the last assertion notice that (by 
definition) the equality A x ajAt G = A y> a ,uG means that the ideal in the full crossed 
product Ax„G corresponding to the quotient maps A x a G —>■ A x ajP G, A Xq,^G 
coincide, and of course the same meaning is to be given for the equality B x G = 
B x / 3 ) v G. But then the last assertion in the statement follows from the Rieffel 
correspondence between ideals induced by the Morita equivalences A x QiAt G ~m 
B x^G and Ax 0i „G ~m B G and the fact that both are quotients of the 
Morita equivalence for full crossed products: Ax„G ~m B yip G. □ 

As a direct consequence of our Corollarv l4.11l we also obtain the following result: 

Corollary 4.18. Let (A, a) be a partial action of a locally compact K-amenable 
group. If x^ is a correspondence G-crossed-product functor, then the quotient ho¬ 
momorphism A x a G -» A x ajAt G is a KK-equivalence. In particular, A x ajAt G 
has the same K-theory and K-homology asAx 0 G. 

For partial actions of discrete groups, the above result was proven by McClana- 
han in [32] for the special case of the quotient map Ax a G-» A x„ )r G linking 
the full and reduced crossed products by partial actions. Notice that the result 
of McClanahan does not imply the result for general exotic crossed products for 
discrete groups. Indeed, as shown in m, there are examples of crossed-product 
functors that are not correspondence functors for which the above result fails even 
for crossed products by ordinary actions. In the recent paper by Ara and Exel [J] 
(see in particular Corollary 6.9) the authors have applied the result by McClanahan 
to some interesting partial actions of free groups associated to separated graphs 
in order to deduce that certain full and reduced crossed products have the same 
/Gtheory (and the AT-theory is effectively computed in [3]). By the above result 
these computations extend to the respective exotic crossed product related to any 
given correspondence crossed-product functor. 
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5. Maximal coactions of discrete groups 


As a bonus, we derive in this section a characterisation of maximal coactions of 
discrete groups. Recall from ESEZl that every coaction <5 : B —>• B ® G* ( G ) of a 
discrete group G determines a Fell bundle B over G with fibres 

B t = {b G B : 8(b) = b® u t } 

where u : G —> U(C*(G )) denotes the inclusion map. There is a canonical embed¬ 
ding 

C c (B) = span (U tecBt) ^ B 

which then extends to a surjective 8b — <5-equivariant *-homomorphism k : C*(B) -» 
B. On the other hand, it has also been observed by Quigg that the dual coaction S n 
of G on C*(B) is the normalisation of ( B , <5), so that there is also a 8 — <5 n -equivariant 
♦-homomorphism A b : B B r := C*{B). This shows that, in a sense, we may 
view B as an exotic completion of C c (B). We know from [TS] (and now also from 
our main Theorem HO) that ( C*(B),8b ) is the maximalisation of (B,t 5), so that 
the quotient maps C*(B) B —% C*(B) induce isomorphisms 
C*(B) x 5e G A B xjG A C*{B) x 5n G. 

Theorem 5.1. Let G be a discrete group and let 8: B —> B ® C* (G) be a coaction. 
Let B be the Fell bundle over G corresponding to 8 as explained above. Then the 
following assertions are equivalent. 

(1) ( B,8 ) is maximal; 

(2) the canonical *-homomorphism C*(B) —» B is an isomorphism; 

(3) 8 can be lifted to a * -homomorphism <5 max : B —>• B <® max G*(G); 

(4) the reduction 8 r := (id ® A) o 5: B —> B ® C*(G) can be lifted to a 
* -homomorphism 5(„ ax : B —)• B <® max G*(G); 

(5) the *-homomorphism (As <8> id) o 8 r = (Ab <8> A) o 8: B —» B r <g> G*(G) can 
be lifted to a homomorphism (A b ®max id) o 5^^: B —» B r ® max G*(G). 

Moreover, if they exist, the lifted homomorphisms in (3), (f), and (5) are all faithful. 


Proof. The equivalence (1)<S=>(2) follows from the fact that (C*(B),8b) is the max¬ 
imisation of (B,S) by [18] Proposition 4.2]. Notice that (3) holds for (B,5) = 
(C*(B),Sb) because of the universal property of C*(B), so we also get (2)=>(3), 
and it is obvious that (3)=^(4). We will finish with the proof of the implications 
(4)=>(5)=>-(2). For this assume that (4) holds. It is shown in [3J Theorem 6.2] 
that for every Fell bundle B over a discrete group G, the representation of B into 
G* (B) (g>max G* (G) given by b t —> b t ® max A t extends to a faithful "“-homomorphism 
(Ag ®max A) o 8b- C*(B) C*(B) ® max G*(G) (and this is exactly the lift homo¬ 

morphism in (5) for the coaction 5b'- C*(B) —¥ C*(B) ® G*(G)). Now notice that 
the homomorphism k : C*(B) —> B fits into the commutative diagram: 

B B ® max G* (G) 


(5.2) 


h-B 0maxid 


C*(B) ^ AB0maxA)oi5 - B > G r *(S)® max C r *(G). 


Since (AB(8> m axA)o5g is injective, it follows that k is also injective and therefore an 
isomorphism (so we just proved (4)=^(2)). But then (A_B® ma xid)o<5J nax = (Ag^max 
A) o 5b, hence (A b ®max id) o <5^^ is injective. Hence (4)=>(5). Conversely, if (5) 
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holds, then diagram (15.21) implies that n is injective and therefore an isomorphism 
C*(B) —> B. Hence (5)=>-(2). We saw above that (A b 0max id) o S^gx, if exists, is 
faithful. But then ^ ax and 8 r are faithful as well. □ 

Remark 5.3. If 8: B —>• A4(B 0 G*(G)) is a maximal coaction of a locally compact 
group G, then it is Morita equivalent to a dual coaction on a maximal crossed 
product. Using this it is not difficult to see that such a coaction lifts to <5 max : B — > 
M{B ® max G*(G)). But the converse is not true in general and the above theorem 
does not extend to general locally compact groups G. The problem is that by 
fundamental results of Choi-Effros and Connes muni, the full and reduced group 
algebras of (almost) connected second countable groups are always nuclear - even 
if the groups are not amenable (like G = SL^M.)). But then it is clear that the 
dual coaction 8c,r ■ G*(G) —► M{C*(G) 0 C*(G)), which is not maximal if G is 
not amenable, extends to a faithful map 8qA x : C*(G) —» M(C*{G) 0 max G*(G)). 

Notice that the main ingredient in the proof of Theorem 15.II is [3] Theorem 6.2], 
which, as indicated by the authors, is based on an idea of Kirchberg. Part (2) of 
the following corollary has been already observed in [3]. Recall from [22] that a Fell 
bundle B is said to be amenable if the regular representation Ag: C* (B) —>• C* (B) 
is faithful. 

Corollary 5.4. Let G be a discrete group. 

(1) A Fell bundle B over G is amenable if and only if the dual coaction 8 b 
on C*{B) is normal, if and only if the the dual coaction 8 b, r on C*(B) is 
maximal. 

(2) If the full or reduced cross-sectional C* -algebra of a Fell bundle B over G 
is nuclear, then B is amenable. 

(3) If G is amenable (that is, if C*(G) orC*(G) is nuclear), then every Fell 
bundle over G is amenable. 

We should point out that the third item has already been shown by Exel in 
(221 Theorem 4.7]. 

Proof. The first statement follows directly from the fact that the regular represen¬ 
tation A b '■ C*(B) —>■ C*(B) can be thought of as either the normalisation map for 
( C*(B),5b ), or the maximalisation map for (C*(B), 8b, r)- The second item follows 
directly from the combination of (1) and Theorem 15.11 And the third item also 
follows from (1) and the fact that every G-coaction is maximal and normal for 
amenable G. □ 

Observe that the converse of (2) above does not hold, that is, there are amenable 
Fell bundles (over discrete groups) for which C*(B) = C*(B) is not nuclear. To 
see an example let A be any non-nuclear G*-algebra and let an amenable group G 
act trivially on A. Then A Xid G = A Xjd, r G, hence the corresponding Fell bundle 
4 x ld G is amenable. But A x,d G = A 0 G*(G) is not nuclear, since the tensor 
product of a non-nuclear G*-algebra with a nuclear G*-algebra is never nuclear. 

If B is not amenable, we know from the above corollary that C*(B) and C*(B) 
are non-nuclear G*-algebras, so there exist G*-algebras D, E such that the algebraic 
tensor products C*(B)@D and C*(B) QE do not admit unique G*-norms. Indeed, 
the methods above allow us to take explicit choices for D and E: 


22 


ALCIDES BUSS AND SIEGFRIED ECHTERHOFF 


Corollary 5.5. If a Fell bundle B over a discrete group G is not amenable, then 
all the algebraic tensor products C*(B)OC*(G), C*(B)QC*(G) and G*(£>)©G*(G) 
do not admit unique C*-norms, that is, 

C*(B) © max G r *(G) ± C* (B) © min c;(G), 

C*(B) © max G r *(G) / c;[B) © min C*(G), 

C*{B) © max C*(G) ^ C;(B) © m i n C*(G). 

Proof. The dual coaction Sg : C*(B ) —> C*{B) © C*(G) is maximal and hence 
its reduction d B : C*(B) —> C*(B) © G*(G) lifts to an injective homomorphism 
^B,m a x : G*(B) — > C*(B) © max C*(G). But the reduction S B is weakly equivalent 
to As: C*(B) -»■ C;{B), hence if C*(B) © max G r *(G) = C*{B) © min C r *(G), then B 
is amenable. This gives the statement for C*(B) © C*(G) and the other cases are 
treated similarly. □ 

Taking B to be the trivial Fell bundle B = C x G, the above result gives non¬ 
uniqueness of G*-norms on mixed tensor products of the form G* ( G ) © C* (G) and 
G*(G) © C*(G). This special case is well-known and follows, for instance, from 
Proposition 6.4.1 in Ho Observe that we do not say anything about the tensor 
product C*(B) O C*(G). Indeed, as shown in [3H Proposition 8.1], uniqueness of 
the C*-norm on C*(B) © C*(G) in the case of B = C x G, G = Foo is equivalent to 
Connes’ embedding conjecture! 
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